The index of a Lie algebra is an important algebraic invariant. In 2000, Vladimir Dergachev and Alexandre Kirillov defined seaweed subalgebras of gl n (or sln) and provided a formula for the index of a seaweed algebra using a certain graph, so called a meander.
Introduction
An integer partition λ is a weakly decreasing finite sequence of positive integers (λ 1 , λ 2 , . . . , λ r ) [1] . The λ i 's are called the parts of λ and the sum of the parts is called the weight of λ. For a positive integer n, if the weight of λ is n, then λ is called a partition of n and denoted by λ ⊢ n. It is the convention that the empty sequence is the only partition of 0.
In the theory of partitions, parity has played an important role. In [2] , G. E. Andrews gave an extensive study on parity questions in partition identities. The very first example of Andrews mentioned in [2] is the following theorem by Euler.
Euler's partition identity: The number of partitions of any positive integer n into distinct parts equals the number of partitions of n into odd parts. Recently, the parity of a certain statistic assigned to partitions into odd parts was considered in the study of seaweed Lie algebras. In [3] , V. Coll, A. Mayers, and N. Mayers defined a new statistic for partitions, namely the index of a partition, which arises from seaweed Lie algebras of type A. At the end of their paper, they presented a conjecture on the difference between the number of partitions of n into odd parts with an odd index and the number of partitions of n into odd parts with an even index. The definition of the index statistic requires some other concepts from Lie algebra, so we defer it to Section 2. Let E ind (n) denote the number of partitions of n into odd parts with an odd index minus the number of partitions of n into odd parts with an even index.
The main purpose of this paper is to study this counting function E ind (n). The following theorem is one of our main results.
It follows from Theorem 1 that Conjecture 1 is equivalent to (−1) ⌈ n 2 ⌉ E ind (n) ≥ 0, i.e., the infinite product on the right hand side has nonnegative coefficients. The non-negativity seems very difficult to prove, and their conjecture is still open.
Along with the index statistic arising in Conjecture 1, other index statistics can be defined on partitions. In particular, V. Coll, A. Mayers, and N. Mayers considered a case that is associated with partitions having parts of size one only, and they related that case to partitions into two-colored parts. In Section 5, we will treat this index statistic and exploit the generating functions for various subsets of partitions.
This paper is organized as follows. In Section 2, we will recollect some results on seaweed algebras from the literature. In Section 3, we give the definition of the index of a partition and prove Theorem 1 by considering a weight generating function for partitions. In Section 4, we will find the generating function weighted with another index statistic, which will reprove a result of V. Coll, A. Mayers, and N. Mayers. In Section 5, we will investigate further the index statistic considered in Section 4. We will then provide some remarks and further conjectures in the last section.
Preliminaries
A seaweed algebra is a subalgebra of sl n , which was first introduced by V. Dergachev and A. Kirillov in [4] . The index of a Lie algebra is an important algebraic invariant in the study, which was given by J. Dixmier [5] , and in the same paper, V. Dergachev and A. Kirillov provided a combinatorial algorithm to compute the index of a seaweed algebra using a certain graph, namely the meander of a seaweed algebra. Rather than giving the definitions of seaweed algebras and the index of Lie algebras, here we give a short description of the algorithm of V. Dergachev and A. Kirillov.
A seaweed algebra can be defined by two compositions λ and µ of n. In this case, we say that the seaweed is of type λ µ = λ1|···|λr µ1|···|µs . The meander of a seaweed of type λ1|···|λr µ1|···|µs is a graph with n vertices whose edges are given by λ and µ as follows.
• Place the n vertices in a row.
• First, partition the n vertices into blocks of sizes λ 1 , . . . , λ r , and let us call the vertices in the i-th block v i,1 , . . . , v i,λi . • Connect v i,j and v i,λi+1−j by an edge for 1 ≤ j ≤ ⌊λ i /2⌋. We draw these edges above the vertices and call them top edges. • Repeat this process with µ. This time, we draw edges below the vertices and call them bottom edges. Figure 1 shows the meander of a seaweed of type 3|2|1|1 4|3 . Figure 1 . The meander of a seaweed of type 3|2|1|1
4|3
In [4] , V. Dergachev and A. Kirillov showed that
where C and P count the number of cycles and paths in the meander of a seaweed of type λ µ , respectively. Here, we regards a vertex of degree 0, i.e., an isolated vertex, as a path. In Figure 1 , the index of the seaweed algebra is 1.
Note that in the meander associated with a seaweed of type λ µ , a vertex is connected to another vertex by a top edge (resp. a bottom edge) unless it is the middle point in a block of size equal to an odd part of λ (resp. µ). Since in a simple graph G, if a path is of length at least one, then each of its end vertices has degree 1, and an isolated vertex has degree 0, it can be easily shown that in the meander associated to a seaweed of type λ µ ,
where op(λ) count the number of odd parts in λ. Thus, by (1) and (2), we get
3. Parity difference of ind n (λ)
We first define the index of a partition λ.
Definition 1. For a partition λ of n, we define the index of λ by the index of the seaweed of type λ n and denote it by ind(λ), i.e., ind(λ) := ind n (λ).
For n = 0, if λ is the empty partition, we define ind n (λ) by −1.
In this section, we will consider the generating function for partitions with weight associated with index. Let P be the set of all partitions. For any subset S of P and nonnegative integer n, define
Definition 2. Given a subset S of P, we define
We now consider the difference o S (n) − e S (n).
Proof. It easily follows from (3).
From now on, we may omit the subscript S in o S , e S , f S (k, n) and F S (t, q) if it is clear from the context.
Proof. Note that for a partition λ of n, if n is even or odd, then op(λ) is even or odd, respectively. Thus,
and we have
where the second equality follows from Lemma 1.
Throughout this paper, we adopt the following standard q-series notation:
(a; q) ∞ := lim n→∞ n−1 j=0
(1 − aq j ), and the following compressed notation:
(a 1 , . . . , a m ; q) ∞ := (a 1 ; q) ∞ · · · (a m ; q) ∞ .
In what follows, we will see some special cases of Theorem 2. Theorem 3 (Coll, Mayers, Mayers [3] ). We have
They prove this theorem by constructing a bijection between the set of partitions counted by c(k) and the set of two colored partitions. This result can also be proved by generating function manipulations.
First, note that in the meander associated with λ 1 n , there are no cycles. Thus, by (1) and (2), we get
So, by the definition of c n (k), we see that
Let f i be the number of parts of size i in λ. Then
Since λ has n − 2k odd parts, we get
which shows that λ can have at most k parts of size greater than 1 and the largest part of λ cannot exceed 2k + 1. Thus, for a given k, c n (k) stabilizes as n → ∞, and its limit c(k) counts the number of partitions with parts greater than 1 such that
Definec n (k) bỹ
It is clear that n≥0c n (k) = c(k). Let us consider the generating functions for c n (k) andc n (k). By (5) , we see that c 0 (0) = 1 and c n (k) = 0 if n < 2k. c n (k)t k q n = 1 (q, tq 2 ; tq 2 ) ∞ , k,n≥0c n (k)t k q n = 1 (tq 2 , tq 3 ; tq 2 ) ∞ .
Proof. Note that k,n≥0 c n (k)t n−2k q n = k,n≥0 f P (n − 2k, n)t n−2k q n = F P (t, q)
By substituting t −1/2 and t 1/2 q for t and q, respectively, we get k,n≥0 c n (k)t k q n = F P (t −1/2 , t 1/2 q) = 1 (q, tq 2 ; tq 2 ) ∞ .
We now prove the second identity. Let
n (k)t n−2k q n .
By (6), we see that the partitions counted byc n (k) cannot have parts of size 1. ThusF
Hence, k,n≥0c n (k)t n−2k q n = (1 − tq)F P (t, q).
Upon substituting t −1/2 and t 1/2 q for t and q above, we immediately get the second identity.
When q = 1, the second identity of Theorem 4 yields Theorem 3.
Parity difference of ind 1 n (λ)
We first define the conjugated index of a partition λ.
Definition 4. For a partition λ of n, we define the conjugated index of λ by the index of the seaweed of type λ 1 n and denote it by cind(λ), i.e., cind(λ) := ind 1 n (λ).
For n = 0, if λ is the empty partition, we define ind 1 n (λ) by −1.
In this section, we will consider the generating function for partitions with the conjugated index weight.
Definition 5. Given a subset S of P, we definē
We now consider the differenceō(n) −ē(n). Proof. Note that op(1 n ) = n. Thus it easily follows from (3).
Recall f (k, n) and F (t, q) in Definition 3.
Theorem 5. We have
Proof. By (4), we see that
where the second equality follows from Lemma 2.
By comparing Theorems 2 and 5, we get the following corollary.
Corollary 4. For any n ≥ 0,
In particular, |o(n) − e(n)| = |ō(n) −ē(n)|.
Remark 1. Besides the partitions µ = n and µ = 1 n , we can consider other partitions of n.
(1) Let µ be a partition of n satisfying that op(µ) ≡ 1 (mod 4) if n is odd, op(µ) ≡ 0 (mod 4) if n is even.
For example, let µ = 2 ⌊ n 2 ⌋ 1 n−2⌊ n 2 ⌋ . Then we have ind µ (λ) ≡ ind n (λ) (mod 2).
Thus #{λ ∈ S n | ind µ (λ) is odd (resp. even)} is the same as o(n) (resp. e(n)). Moreover, the weight generating functions are the same. (2) Let µ be a partition of n satisfying that op(µ) ≡ n (mod 4).
For example, let µ = 4 ⌊ n 4 ⌋ 1 n−4⌊ n 4 ⌋ . Then we have ind µ (λ) ≡ ind 1 n (λ) (mod 2).
Thus #{λ ∈ S n | ind µ (λ) is odd (resp. even)} is the same asō(n) (resp. e(n)). Moreover, the weight generating functions are the same.
Concluding Remarks
In this section, we provide some remarks along with further conjectures related to index generating functions.
As mentioned in Introduction, Conjecture 1 is equivalent to the following conjecture.
Conjecture 2. For n ≥ 1,
It seems true that the non-negativity holds even if we take O d for any d ≥ 1.
Conjecture 3. For n ≥ 0, d ≥ 1,
Equivalently, for any d ≥ 1, 1 (q, −q 4d−1 ; q 4d ) ∞ (7)
has non-negative coefficients. In what follows, we list some conjectures that yields the non-negativity of the coefficients in (7). where [q n ]F (q) denotes the coefficient of q n in the series F (q).
